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CARDINAL HERMITE SPLINE INTERPOLATION
WITH SHIFTED NODES

GERLIND PLONKA AND MANFRED TASCHE

ABSTRACT. Generalized cardinal Hermite spline interpolation is considered. A
special case of this problem is the classical cardinal Hermite spline interpolation
with shifted nodes. By means of a corresponding symbol new representations of
the cardinal Hermite fundamental splines can be given. Furthermore, a new ef-
ficient algorithm for the computation of the cardinal Hermite spline interpolant
is obtained, which is mainly based on fast Fourier transform. This algorithm
is shown to be also applicable to computing the periodic Hermite spline inter-
polant. In both cases we only use necessary and sufficient conditions for the
existence and uniqueness of the corresponding Hermite spline interpolant.

1. INTRODUCTION

In this paper we shall construct new efficient algorithms for the computation
of the Hermite fundamental splines and the Hermite spline interpolant.
We use standard notation: Let f* be the Fourier transform

) = /_00 f(x)e ™*dx  (ueR)
of f e L(R). Assume that

i SMu+2mj) (ueR)

j=—o0

is uniformly convergent on R. Then f~ with

=Y futom)  (wew)

j=—o0

is called the 2zm-periodization of f”. The Poisson summation formula reads
as follows:

= > fe .
j=—o00
Consider equidistant knots with multiplicity 2,
xi=1/2 (e,
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646 GERLIND PLONKA AND MANFRED TASCHE

where [j/2| denotes the integer part of j/2. With N2 , € C™%(R) (v =
0, 1) we denote the normalized B-splines of degree m (m > 2) and defect 2
with knots X, , Xy41, ... Xpoma1 -

Let S ,(Z) be the set of all finite linear combinations of shifts of N2 ,
(v=0,1):

> (@jN% o(x =)+ biN% ((x—j))  (x€R;a;, b €R).

j=—oc0

The L,(R)-closure of S,?,,Z(Z) is denoted by S,,,2(Z). We consider the follow-
ing generalized cardinal Hermite spline interpolation problem: For given data
sequences y© := {y}o)}j?‘;_oo , yU = {yj(-')}j“;_oo € I, and shift parameters
70, T1 € R with 0 < 79 < 7y < 1, find a spline function s € S,, 2(Z) such that

(1) stk+1) =y, [stk+-):10,ul=y" (kez),

where [s(k +-): 79, T1] denotes the divided difference. In the case 70 =7, €
(0, 1] we obtain the classical cardinal Hermite spline interpolation problem.

For the sake of simplicity, we describe our method only for splines of defect
2. But the procedure can be simply generalized to the corresponding Hermite in-
terpolation problem for splines with higher defect. Further, the Hermite spline
interpolation problem (1) is of special interest in applications. The existence
and uniqueness problem is generally solved only for defect 2 (cf. [5]).

In the literature, cardinal Hermite spline interpolation problems have been
investigated mainly in the special case of nonshifted nodes (cf. [2, 10, 1]).
In particular, the construction of fundamental splines and the existence and
uniqueness of solutions have been studied. The periodic Hermite spline inter-
polation for defect r > 1 (r € N) with interpolation nodes 79 = 7, = --- =
7,1 = | have been treated in [3] and [4]. The more general periodic case
To=T=---=1,—1 € (0, 1] can be found in [9].

Contrary to most of the other papers dealing with periodic or cardinal Her-
mite spline interpolation (cf. [8, 9, 3, 4]) we do not use the normal B-splines
Nm(-—k) (k € Z) and their derivatives (or their periodizations) as a basis for
the spline space with higher defect, but instead B-splines with multiple knots.

In §2, we introduce a new representation of the symbol of the problem con-
sidered. This symbol will be the main tool of our approach to the cardinal
fundamental splines in §3. Using fast Fourier transform, we obtain a new effi-
cient algorithm for the computation of the cardinal Hermite spline interpolant
in §4. Further, the close connection between periodic and cardinal Hermite
spline interpolation will be considered. In §5, it will be shown that one and
the same algorithm can be applied to the computation of the cardinal and the
periodic spline interpolants.

2. SYMBOL OF CARDINAL HERMITE SPLINE INTERPOLATION

Similar to Lagrange spline interpolation, we have to investigate the symbol
of the interpolation problem (1). First we introduce the Euler-Frobenius poly-
nomials of multiplicity 2 in order to construct the symbol for the generalized
Hermite spline interpolation problem (1).
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With the help of B-splines with double knots, the generalized Euler-Frobenius
polynomials of multiplicity 2 with shift parameter x € R can be defined by

oo
H) (x,z):= > N, ,i+x)z7 (v=0,1;z€C).
j=—o00
Since supp N2 , (v =0, 1) is compact, the functions H2 , (v =0, 1) are
well defined. We are especially interested in the behavior of H2 v w=0,1)
on the unit circle. Therefore, we put for u € R

R, ,(x,u):=H} (x,e”™) (x€R).
Then we obtain the following properties of h,z,,,,, .

Lemma 2.1. Let me N (m >2) and u, x € R be fixed. Then we have

(1) o

R, (1, u)=e™h} ,(0,u) (v=0,1),
(ii)
3_]' 2 — :l:iu__ai 2
6xjhm,,,(xil,u)_e 6xih'”’”(x’u)
w=0,1;j=0,...,m—2),

(iii)
9 2 (x u)=m(—1—h2 (x u)——l———h2 (x u))
ax MmO Lm/2] b0 (m+ )2 )

0 1 e~ iu
Db 0w = m (ol (k) = o o, )

For a proof we refer to [6].
Now for x, xg, x1, 4 € R we define the following determinants:

h,zn,o(xo, u) h}zn,l(xOs u))
Rl o(xi,u) hE (xi,u) )

Y o(x, ) hiy 1 (x, ) )
hy, olxo, x1)(u) kg, i[x0, x1](x)

h2,(xo, x1, u) := det (

B, o, 1), ) i det
with
hrzn,u[xO,xl](u) = [hrzn,u(’au):xo, x1] (v=0, 1)
Note that the functions 42, , and h2 are 2z-periodic in u.

Theorem 2.2. Let N,meN (m>2) and 0<19< 1) <1 be given. Then the
cardinal Hermite interpolation problem (1) is uniquely solvable if and only if

(2) R (t0, [to, 1], u) #0  (u€ (-m, ).
The relation (2) is equivalent to
(3) [Bm: 70, 1] #0,

where B,, denotes the mth Bernoulli polynomial.
Proof. The spline function s € S,,,2(Z) can be written in the form
e o]
s(x)= ) (ajNg o(x =)+ BNy ((x—J)  (x€R)

j=—00



648 GERLIND PLONKA AND MANFRED TASCHE

with {a;}%2_.,, {bj}%2_o € 1. Then for k € Z, the interpolation conditions
(1) read as follows:

[e o)

S (N2 o(to+ k= j) + biNE ((to+ Kk — ) =y,
@ L 77
S (@INZ o+ k — )t 10, Tl + biINE (- + k= j): T0, T1]) = ¥
Jj=—00

We introduce the following continuous functions defined on (—=, n]:

a(u):= > aje™, b(u)y:= > bje™",

J= o0 j==o0
POW) = 3y, @)= Y yile .
Jj=—o00 j==o0

By (4) we find after a short calculation
( h,zn,o(TO,u) h;‘i,l(fo,u) ) (

)- ()
k2, olto, T1l(w) hZ [0, T1)(u) D) ) -

For given data y© and y(), the functions & and b are uniquely determined
by (1) if and only if

[ T RYS

hrzn,O(TO, u) hrzn,l("'.o’ u) )
3, olto, T1l(w) A2 [7o, T1](%)

does not vanish on (—n, n]. The equivalence of (2) and (3) is shown in [5]. O

hrzn(""O’ [70, T1], u) = det (

The function h2,(19, [70, T1], +) is called the symbol of the generalized Her-
mite spline interpolation problem (1).

- Example 2.3. For x, xo, x; € (0, 1], u € R, we find in the case m = 2, using
h3 o(x, u) = 2x(1 - x), h3 (x, u)=x*+(1-x)%e ™,
the symbol of the generalized Hermite spline interpolation problem
h3(x0, [x0, x1], u) = 2(x0x1 — (1 = x0)(1 = x1)e™"),
and in the case m = 3, using
h3 o(x, u) = $(x*(6 = 5x) + (1 — x)%e™™),
B3 (x, u)=3(x*+ (1 = x)?(5x + 1)e™™),
that
- h3(xo, [X0, X1], u)
= 3(xdxt = (x0(1 — x0) + x1(1 = x1) + 2x0x1 (1 — x0)(1 — x1))e ™"
+(1-x0)%(1—x1)%72). O

The following properties for the functions 42, can be easily proved from the
definition (see [6]).
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Lemma24. Let meN (m>2), xo,x1 €R, and u € (—n, n] be fixed. Then

(i)
By (X0, X1, 4) = —hp (X1, Xo, U),
by (X0, [X0, X11, u) = k3, (x1, [X0, X1], u),
(ii)
hx(xo, X1, u+2kn) = h3(x0, X1, u) (keZ),
hi(xo 1, x1, u) =e*™ n2(xo, X1, u),
hi(x0, x1 £ 1, u) = e*™h2(x0, x1, u),
hy(xo, X0, ) =0,
(i)

hZ(xo+1, [xo+ 1, xo + 11, u) = e¥*h2 (x0, [X0, Xo], ),
hrzn(xo -1 5 [xo -1 » X0 — 1]’ u) = e_Ziuhrzn('XOa [an xO]’ u)a
h3 (X0, [x0, o+ k1, u) =0  (k € Z).

For the computation of cardinal fundamental splines and cardinal Hermite
spline interpolants by discrete Fourier transform we need the vectors

by, (%) = (b, (x, 27j/N)YG (¥ =0,1;x€R),
b3 (X0, X1) := (hm(x0, X1, 27 /N)IGY (%0, X1 €R)
and the corresponding divided differences with respect to x,
by, L [x0, xi]:= (hy %0, x:)27j /NN (v =0, 1),
b7, (xo, [x0, x1]) == (h3, (%0, [x0, x1], 27j/N)) 5!

with xp, x; € R.

We now present an efficient algorithm for the computation of hf,,,,,(x) (v =
0, 1). Let the N-periodic B-splines P,%,,,, of degree m (m > 2) and defect 2
be defined by

Pl ,(x):=Y N2 ,x-IN) (v=0,1;x€R).

I=—00

We put
N, (x) =Py (x+k)!  (v=0,1).

Then from
N-1 ]
S P (x+kwi =k (x,2nj/N)  (¥=0,1;j=0,..., N—1)
k=0

with wy := exp(—2ni/N) it follows that
by, (¥) = Fanp o (x) (v =0, 1),

Here, Fy := (w)f f’ %L, denotes the Fourier matrix of order N. We obtain:
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Algorithm 2.5. Computation of the auxiliary vectors h,z,,,,,(x) v=0,1)
Input: m spline degree (m e N, m > 2),
N period (N € N, N power of 2),
x (x€eR).
1. Compute P2 ,(x+j) (vw=0,1;=0,..., N—1) by the B-spline
recursion formula. Put
Ny, (%)= (Ph,(x+ )Y, €RY (v=0,1).
2. Compute h,zn’,,(x) :=Fnyn, ,(x) (v =0, 1) by fast Fourier transform.

Output: W, ,(x) = (k3 ,(x, 2nj/N)¥! (v =0, 1).

By the use of fast Fourier transform Algorithm 2.5 requires only O(N log N)
arithmetic operations. The other vectors h2, ,[xo, x1] (¥ =0, 1), h2,(xo, x1),
and h2,(xg, [xo, x;]) can be computed in the same manner.

Remark 2.6. For solving the generalized Hermite spline interpolation problem
for r > 2, the Euler-Frobenius functions 4, , (v = 0,...,r—1) can be
similarly introduced by using B-splines with r-fold knots.

3. CARDINAL FUNDAMENTAL SPLINES

With the help of B-splines with double knots we are able to find new explicit
formulas for the cardinal fundamental splines (see Figures 1 and 2):

Theorem 3.1. Let me N (m > 2) and 0 < 19 < 11 < 1 be given such that
h2(to0, [0, T1], u) # 0 (u € (—=, =) is satisfied. Then L, , € Sm 2(Z),
where

e L [® Dmolto, T, %) ux
Lm’O(X) - E A/—oo hrzn(TO’ [TO’ Tl]’ u)e du (x € R)’

. 1 it Dm,l(TOaT]’u) iux
Lm’l(X) - 2n [oo hrzn(TO’ [TO’ Tl]’ u)e du (x € R)

(5)

with
(N2 "W (N2 )Mw)
hrzn,O[TO, 71](u) h}n, [0, n](u)) (u €R),

K2, o(to, u) 2 ((T0, u)
(N7 0)" () (N,%,,l)/\(u)) (ueR),

Dy (70, T1, u) :=det (
(6)
Dm‘,l(To, T1, u) := det (

are the cardinal fundamental splines of the Hermite spline interpolation problem
(1), i.e, there holds

Ly ok+1)=0d (k€Z), [Lmok+-):1,71]=0 (kez),
Ly 1(k+1)=0 (keZ), [Lmailk+-):70,11]=060x (k€Z).

The coefficients 1; , o, 1., 1 (v =0, 1) in the representation of Ly, , by

[o o]

Li,y(x)= D (j,u,0Nmo(x =)+ 1w Ny 1(x=j))  (¥=0,1;x€R)

Jj=—00
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are given by

1 [ h? ,1[70, T1](w)

iuj
lj0,0= 7 _ M4, (10,[1’0,1.'1],14)e du,
1 T ,Zn,O[TO’ Tl](u) iuj
lj’o’l— _57; —n h,zn(TOa[TO,Tl]’u)e du’
1 [ hy, 1(to, u) iuj
Ij’l’o— __2_7{ —n h;zn(TO’[TO’tl]’u)e du’
n h2 (1 ,u o
lj,1,1 _ 1 m,O( 0 ) e du.

EE —n hpzn(TO, [TO’ 11]’ u)

Proof. Since the trigonometric polynomial A2 (7o, [0, T1], -) satisfies the con-
dition A2 (7o, [t0, 1], #) # 0 (u € (—n, n]), there exists o > 0 such that
|h3, (0, [T0, 1], u)| > a > 0 for all u € R. Further, N2 , € C"2(R) (v =
0, 1) yields (N7 ,)"u) = O(|lu|~™*") (Ju| — o0), ie, (N7 ,)* (¥ =0,1)
are absolutely integrable for m > 3. For m = 2 this assertion follows from
Example 4.2. Hence, the functions L,, o and L,, ; are well defined and con-
tinuous.

1. We show that (L, o(- + 70))~ = 1 and [~ = 0, where /(x) :=
[Lm,o(x ++): 70, T1]. By (5) we find

m 0(103 T1, u)
o) = Fr T, ol @)

Using the Poisson summation formula, we have

(N'%I,V(. Z 1/ k+1 tuk htzrt,u(T’ u)

k=—00

(v=0,1;1,ueR).

Consequently,

00 N2 . A 2w h2 ’
s § (kg

_ (N,%; 10+ 70)) M u+ 27tf)h;%1,o[70 » Tl](“))

hrzn(‘tO, [103 Tl]a u)

hm o(To, Wh2 ([0, T1]() — k2, (%0, wh? olto, T1)(1)

=1
hZ(to0, [T0, T1], u)

for all u € R. With
nrzn,u(x) = [Nt%t,u(x+°):703 Tl] (l/=0, I;XER)

we obtain for ¥ € R that
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I~(u) = i ((nrzn’O)A(u+2nj)hrzrt,1[To,Tll(u)

han(TOa [TO, Tl]9 u)

_ (npzn DN+ Z”j)h,zn,o[fo ) Tl](u))

hZ,(t0, [t0, T1], u)

j=—00

_ hE olto, Tk, ([T, T1d(w) — ki, ([0, Til(w)h2, olTo, T1](x) =0
- h,zn(‘tO’ [TO, Tl]9 u) o

Thus, we have for all k € Z

Ly ok + 7o) = / (L o+ + 70))" (w)e™ du

1 n
=5 (Lm o(- + 70))~ (w)e™ du = 6y 1
and

1 [® . 1 [" .
[Lm,o(k ++): 70, T1] = 2n/ Nu)e'™  du = o _nl"’(u)e'“k du=0.

2. Using the Poisson summation formula, we obtain

1 n

m(‘to, [0, T1], u)
1
2z _z h3,(10, [T0, T1], u)

x ( Y (Na o) (u+2m )k}, [T, T1](w)e!

j=—o00

[e o)

=3 N+ 2R oo, n](u>e"<“*2”)x) du

j==00

L /” (Zk——oo m, olk +x)e~ 'uk)hz 1[70, 71](u)
- h3 (TOa [10, Tl] u)
(zz‘i—oo m, l(k +x)e mk)h [TO, Tl](u) d
h} (109[10,11],u) .

[e o)

= > (j,0,0NE o(x = §) +1j,0,1N% 1(x = J))
Jj=—00
with
1 n h,2n,1[10, Tl](u) iuj
o0 = 2n J_p b2 (70, [10, T1], 0® du,
r h2 (1, .
lio1=— : m,ol70, 111() e™ du.

_2—75 - h,Zn(TOa [TOa Tl], u)

The assertion for L,, ; can be proved analogously. O
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4. SOLUTION OF THE CARDINAL HERMITE SPLINE INTERPOLATION PROBLEM
Let meN (m>2) and 0< 179 <171 <1 be given such that

hrzn(TO’ [TOa Tl]a u) # O (u (S (—7[, 7[])

If yO .= {yﬁ.o)}?g s Y o= {)’51)}}“:’_00 € I, are given data sequences, then
a continuous solution s € S,, »(Z) (m > 2) of the cardinal Hermite spline
interpolation problem (1) can be written as follows:

s(x) = Z<y,°>Lm o(x = J) + Y\ Lin, 1 (x — 1))

Jj=—o0

This series is absolutely and uniformly convergent on R. Using the properties
of Fourier transform, we find

oo oo
sMNu)y =Ly, o(w) D yPeT M+ Ly ) D yle™™ (ueR).

l=—00 l=—00

For the rth derivative s() (1 <r < m —2) there follows

(s (u) = (iu)'s" (u)
= (iu)’ (L,’).,o(u) i yVe= + LY, | (u) i y}‘)e-iu’)

I=—00 =—00

with u € R. Since (i-)" 2L}, , € Ly(R) (v =0, 1), we find that (s\))" €
Ly(R). Inverse Fourier transform yields

%) s9(x) = 517? / (i) sMu)e™ du.

— 00

We shall compute this solution s and its derivatives s’ (1 <r < m —2) by
means of fast Fourier transform.

Assume that y,(O) =0, yl(l) =0 for / ¢ {0,..., N—1}. This assumption
makes sense, since y*) € /; (v =0, 1). Replacing in (7) the integration over
R by integration over [—un, un] (u € N), ie., ‘

L 0) =il S (1 ol
(8) 27:/ (L,’,‘, o(u) Zy, et Ly ((u) Zy ) (iu) e™ du,
=0 1=0
we compute (8) by the rectangle rule with step length 2z /N :

v 2 (e (50) St

nEG UN =0

) N—1 i r )
et (52) Sttt () e

1=0
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with G,y := {n € Z: uN/2 < n < uN/2} and wy := exp(—27ni/N). Instead
of s"O(j/u) (j=0,..., uN —1) we obtain the approximate value

r_ | 2min\" (0 (270\= 0, in
=5 2 () \Lmo (T ) 200 ww

(9) nGG,‘N =0
27n\ A= 1
+Ly (_N_> >y ’w%') w,x’
1=0
Note from (5) that
L/\ (u) Dm,V(TO9 Tl9u) (V=0, 1)

h%(70, [10, T1], )

with Dy, , asin Theorem 3.1.
Thus, we find the following algorithm for the computation of the cardinal
Hermite spline interpolant s € S,, 2(Z) and its derivatives:

Algorithm 4.1. Computation of the cardinal Hermite spline interpolant and its
derivatives

Input : m spline degree (m € N, m > 2),
N power of 2,
u power of 2,
y O y(1) data sequences with y}”) =0(¢{0,..., N—1};
v=0,1),
r order of a derivative (0 <r<m-2),
To, T1 shift parameters (0 < 79 < 7; < 1) with

[Bm: 0, T1] # 0,
)", (N2 )" Fourier transforms of N2 , and N2 ,
m,0 m,1 ,0 m

1. Precompute for v =0, 1 the vectors
(h (TO, an/N))I =0 ° (hrzn V[TO, T]](Zﬂl/N))I =0 °
(hrzn(TO ) [TO ) Tl] ) 27tl/]v))[=0

by Algorithm 2.5 and by the definitions.
2. Precompute by (6) for all n € G,n

Dm,O(TO, 1192nn/N), Dm,l(TO,Tl,Znn/N)'

3. Compute by fast Fourier transform

A(o) Zy w‘]’\;c, A(l) Zyk N (j=0,...,N—1).

4. Form for all n € Gun

i (27in" Dm,o(%0, 71, 22n/N)\) + Dim,1(t0, 71, 220/ N)pL)
AN h2,(t0, [10, T1], 27n'/N)
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A

r

|
b

)
v

FiGURE 1. Cardinal fundamental spline Ls o for the shift pa-
rameters 7o = 0.3, 71, =0.8

with n’ := n mod N, i.e., n’' is the nonnegative residue of n modulo N
defined by n’ =n (mod N) and 0<n' < N-1.
5. Put for all n € G,y with k := n mod(uN)

Vg = 1.
6. Compute by fast Fourier transform

1 uN-1 )
S;:=N Z v,ﬁw;l{,k (j=0,...,uN—-1).
k=0

Output: s’ approximate value of sO@G/w) (j=0,..., uN —1). The cardinal
fundamental splines Ls ¢ and Ls ; for 79 =0.3, 7, = 0.8 (see Figures 1 and
2) are obtained by Algorithm 4.1.

The main operations of this algorithm are two discrete Fourier transforms of
length N in step 3, and the discrete Fourier transform of length uN in step
6. Since we use fast Fourier transform, the algorithm possesses an arithmetical
complexity of O(uN(loguN)) and computes uN approximate values of s
all at once. The numerical stability of the algorithm is mainly determined by

min{|A;,(t0, [%0, T1], 2nk/N)|; k=0, ..., N -1},

because in step 4 one has to divide by this quantity.
The Fourier transforms of N,%,,,, (v =0, 1) can be easily precomputed, since
the B-splines have a compact support.
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A

05 =+

FIGURE 2. Cardinal fundamental spline Ls ; for the shift pa-
rameters 79 = 0.3, 7, = 0.8

Example 4.2. The Fourier transforms of N,%,’,, (m=2,3;v =0,1), for
u#0,are

(N3 o) (u) = %((-—u +2i)e™ " —u —2i),
(N} )Mu) = %(—ie‘”“ +2ue ™ + 1),

(N3 o)) = %(e‘”“ +4(iu+ e ™+ 2iu - 5),

(N32,1)A(u) = %((_2”4 - 5)8_2iu + (_lu + l)e—iu + 1)

5. PErRIODIC HERMITE SPLINE INTERPOLATION

Finally, we want to show a close connection between periodic and cardinal
spline interpolation. We shall find that Algorithm 4.1 can also be used for the
computation of the periodic Hermite spline interpolant and its derivatives.

Let N,m € N (m > 2) be fixed. By S) ,(Z) we denote the set of all

functions
N—1

s(x) =Y (a;Py o(x = j)+ biPy ((x =)  (x€R)
j=0
with arbitrary coefficients a;, b € R (j =0,..., N —1). Furthermore, let
y}") €R (v=0,1;j€Z) with yﬁ.”) = yf.'fN be given N-periodic data, which
can be completely described by the vectors
YW =08, W) ERY =0,

We consider the following generalized N-periodic Hermite spline interpolation
problem: For given shift parameters 7o, 7; € R with 0< 79 <7; <1, find an
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N-periodic spline function s € Sy ,(Z) such that

(10) sG+10) =y, [sG+9:10, ul=»"  (jez).

In [5] it is shown that the periodic Hermite sphne interpolation problem is
uniquely solvable if and only if

h% (1o, [0, T1], 27n/N) #£0  (n=0,...,N—1).
Again, this condition is equivalent to (3). Let L,’)’, , €SN ,(Z) (v =0,1)

be the N-periodic fundamental splines for the 1nterpolation problem (10), i.e.,
there holds

LY ok +10) =65, [LY otk ++): 70, T1]1=0 (kez),
LY (k+1) =0, [Ly ((k+9):1t0, 1] =d¢, (k€Z)

with
N 1, k=0 (mod N),
0ok =

0, k # 0 (mod N).
The N-periodic fundamental splines Lm , can be represented as follows (cf.

[6]):

_ 1E RA(x, [, 1l, 21j/N)
L ol¥) = N 12:3 hZ(7o, [t0, T1], 27j/N) (xeR),
1= h2(10, x, 27j/N) (x €R).

Lya(x) =5 z_(:) h2(zo, [0, T1], 27j/N)

Assume that (3) is satisfied. Then the following connection between N-
periodic and cardinal fundamental splines can be observed:

Ly, Z Ly ,(x+IN) (v=0,1).
l=—00

Since L,, , € L;(R), the series is absolutely and uniformly convergent on R.
For the Fourier coefficients of L,’X),, with respect to the orthogonal system

{e2mk*IN . k € 7} we get

(L) = [ L e

= —/ Z Ly ,(x + [N)e 20kx/N g
N Jo ’

l=—00

1 [ o 1
=% /_oo Lo (x)e™ 2%V dx = ULy (22K /N).
Now for the computation of the N-periodic fundamental splines and their

derivatives we can start from
oo

(Lfi,.,)"’(x) = Z (27til/N)’c,(L£X’V)e27n'1x/N

l=—00

= % Z (2ril /N)'L}, ,(2nl/N)e*™iIxIN

I=—00
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We consider the truncated sum
% > (@min/NY'L), ,(2nn/N)e* >N
n€Gun
and obtain the following approximate value of (LY ,)"(k/u) (k € Gun):
(Y= ]iv > @min/N)'Ly, ,(2nn/N)e*kn/=N),
n€Gun

With the help of the N-periodic fundamental splines LY , (v =0, 1), a con-
tinuous solution s € S¥ .2(Z) of the N-periodic Hermlte spline interpolation
problem (10) can be wntten as follows:

)= S0P LY ofx - )49 LY k- ),

where y) := (y(()") Yoo yg',’)_l)T €eRY (v =0, 1) are given data vectors. By

N
(Lrjx,u(x —j))(’) ~ ]iV Z (2_7][\,1_’2.) L,’),,,,(Znn/N)ez’”"x/Nw”f
”EG“N

we find

s(O(x) z% > (ZnTm) (L’\ o(2nn/N) Zy, whr

1=0
27m/N) Z v ) 2nixn/N
1=0
with 7’ := n mod N. That means, instead of s((j/u) (j=0,1,..., uN —

l,r=0,..., m— 1) we obtain the approximate value
r. 1 27in r A N-l ), kn'
sji= % > ¥ L} o@an/N) Y yPwg
neGyN k=0

N-1
+L 1 2nn/N) Yy wl )w;g;f.
k=0
This formula for the rth derivative of the N-periodic Hermite spline inter-
polant is equivalent to the formula (9) for the rth derivative of the cardinal
Hermite spline interpolant. Thus, the values computed in Algorithm 4.1 can also
be considered as approximate values of the rth derivatives of the N-periodic

Hermite spline interpolant.
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